I. Recap on the discrete KAIST
Theory of Computation CS700 M. Ziegler

= un-/computability, Halting Problem

= oracle computation

= Asymptotic runtime and memory

= Machine models: unit vs. bit cost

= L, P, NP, NP, #P, PSPACE, EXP
= Reduction and completeness

= Parameterized complexity
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ofirst scientificcalculationson digitalcomputers
*\Whatare its fundamentalimitations?
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Given{AX), doesalgorithmA terminateon input x?
Proofby contradiction ConsideralgorithmB' thaty)
oninputA, execute® on{A,A and,upona positive
answey loopsinfinitely. How doesB' behaveon B' ?n so




Un-/Semi-/Decidability I ~ ¥A=2T

Definition: a) An 'algorithm' A computes a
partial function f:0{0,1}* - {0,1}* if it

e on inputs xddom({) prints f(X) and terminates,
e on inputs X(ddom() does not terminate.

Injective string pairing function ("Hilbert Hotel")
Kpseoe Xy s YooY = 0X0%0...0x,1y,... ¥,

b) A decides set LL{0,1}* if it computes its total
char. function: cf (X):=1 for xUL, cf (X):=0 for Xx[IL.

c) A semi-decides L if terminates precisely on XL

d) A enumerates L if it computes
some total bijection f:{0,1}"'=N - L.

Un-/Semi-/Decidability 11~ <25T

Example: The Halting problem H, considered as
subset of {0,1}*, is semi-decidable, not decidable.

Theorem: a) Every finite L is decidable.

b) L is decidable iff its complement L is.

c) L is decidable iff both L, L are semi-decidable.
d) L is enumerable iff infinite and semi-decidable.

b) A decides set LU{0,1}* if it computes its total
char. function: cf (X):=1 for xUL, cf (X):=0 for Xx[IL.
c) A semi-decides L if terminates precisely on XL

d) A enumerates L if it computes
some total bijection f:{0,1}"=N . L.




Comparing Decision Problems KAIST
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Halting problem H={(AX) : A(X) terminates }
Nontriviality N={ (A4) : Oy “A(y) terminates }
Totality problem T = { (A4) : 0z A(2) terminates}
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For L,L'[1{0,1}* write L<L' if there is a computable
f.{0,1}* -{0,1}* such that [x: x[IL = f(x)LIL".
a) L' semi-/decidable = so L. b) L<L'<L" = L<L"
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Examples of Undecidability <2=T

Universes ‘U other than {0,1}* (e.g. N): encode.
Halting problem: H ={ (A4,X) : Aterminates on X}

Hilbert's 10th: The following set is undecidable:
{ P | PUN[X,,...X ], NUN, [X;...x N p(X,-...x,)=0 }
Word Problem for finitely presented groups
Mortality Problem for two 21x21 matrices

Homeomorphy of two finite simplicial complexes

For L,L'[1{0,1}* write LLL' if there is a computable
f.{0,1}* -{0,1}* such that [x: x[L = f(x)LIL".
a) L' semi-/decidable = so L. b) L<L'<L" = L<L"
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Bit Model: Turing Machine

Alan M. Turing [1936/37] _ ... U

\?&f; /
Mathematical idealization and H Tape
abstraction of his assistents N 4 >

(profess. ,computers™) . -

| Al B E HI[J KL/
= unbounded tape L H] = | ﬁ
= lone bit (0/1) in each celll y/

= initially: input + delimit.

= finite program -

= one read/write/move MO computes
operation per step f:0{0,1}" = {0,1}"

= until stop: output. in #steps using #cells

KAIST
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M = (Q,9,,9:.9.,0), where Q is a finite set of states,
0:[{0,1} xQ-{L,R}x{0,1} xQ transition table,
goUQ initial, g,L1Q accepting, q.LJQ rejecting state.

A configuration of M is a triple (v,q,w), with qUIQ
and v,wll{0,1}* . The initial configuration on input

W is ( ,g,.W). A successor configuration to (v, g, b w)
is  (vb', p,w) for o(b,q)=(Rb'p), * o(b,g)=(L.b"p)

Shoenfield's Limit Lemma: A partial f:LIN—N
is computable relative to H iff f(n)=lim; g(n,j)

for some total (oracle-free) computable gNxXN—-N,




