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I. Recap on the discrete 
Theory of Computation

� un-/computability, Halting Problem

� oracle computation

� Asymptotic runtime and memory

� Machine models: unit vs. bit cost

� L, P, NP1, NP, #P, PSPACE, EXP

� Reduction and completeness

� Parameterized complexity
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•Logicians Tarski, Alonzo Church (PhD advisor)
•Kurt Gödel (1931): There exist arithmetical
statements which are true but cannot be proven so.

••firstfirst scientificscientificcalculationscalculationson digital on digital computerscomputers

••WhatWhatareare itsits fundamental fundamental limitationslimitations??

•• UncountablyUncountablymanymanyPP⊆⊆��

•• butbut countablycountablymanymany''algorithmsalgorithms''

••UndecidableUndecidableHalting ProblemH:: NoNo algorithmalgorithmB B 
cancanalwaysalwayscorrectlycorrectlyansweranswerthethe followingfollowing questionquestion
GivenGiven〈〈A,A,xx〉〉,, doesdoesalgorithmalgorithmA A terminateterminateon on inputinput xx??

Proof by contradiction:  ConsiderConsideralgorithmalgorithmBB' ' thatthat, , 
on on inputinput AA, , executesexecutesBB on on 〈〈A,AA,A〉〉

decisiondecision
problemproblem

Alan M. Turing 19361941

HaltingHalting ProblemProblemHH

ProofProofbyby contradictioncontradiction::

AA
xx BB ++

−−AA
AA

B'B'

∞∞

HowHow doesdoesBB' ' behavebehaveon on B'B' ??answeranswer, , loopsloopsinfinitelyinfinitely..
and, and, uponupona positivea positive

simulatorsimulator//interpreterinterpreterB B ??

B'B' B'B'
B'B'
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Un-/Semi-/Decidability I

Definition:Definition: a) An 'a) An 'algorithmalgorithm' ' AA computescomputes a a 

partial partial functionfunction ff::⊆⊆{{ 00,,11}*}* →→ {{ 00,,11}*}* ifif itit

•• on on inputsinputs xx∈∈dom(dom(ff)) printsprints ff((xx)) and and terminatesterminates,,

•• on on inputsinputs xx∉∉dom(dom(ff)  )  doesdoes notnot terminateterminate..

b) b) AA decidesdecides setset LL⊆⊆{{ 00,,11}*}* ifif itit computescomputes itsits total total 

charchar. . functionfunction: : cfcfLL((xx):=):=11 forfor xx∈∈LL, , cfcfLL((xx):=):=00 forfor xx∉∉LL..

c)c) AA semisemi--decidesdecides LL ifif terminatesterminates preciselyprecisely on on xx∈∈LL

d)d) AA enumeratesenumerates LL ifif itit computescomputes

somesome totaltotal bijectionbijection ff::{{ 00,,11}} ** ==� � →→ LL..

Injective string pairing function ("Hilbert Hotel")
〈x1,…,xn ; y1,…,ym〉 :=  0 x1 0 x2 0 … 0 xn 1 y1 … ym
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Un-/Semi-/Decidability II

Theorem: Theorem: a) a) EveryEvery finite finite LL isis decidabledecidable..

b) b) LL isis decidabledecidable iffiff itsits complementcomplement LL is.is.

c) c) LL isis decidabledecidable iffiff bothboth LL, , LL areare semisemi--decidabledecidable..

d) d) LL isis enumerableenumerable iffiff infinite and infinite and semisemi--decidabledecidable..

Example: The Halting problem H, considered as 
subset of {{ 00,,11}} ** , is semi-decidable, not decidable.

b) b) AA decidesdecides setset LL⊆⊆{{ 00,,11}*}* ifif itit computescomputes itsits total total 

charchar. . functionfunction: : cfcfLL((xx):=):=11 forfor xx∈∈LL, , cfcfLL((xx):=):=00 forfor xx∉∉LL..

c)c) AA semisemi--decidesdecides LL ifif terminatesterminates preciselyprecisely on on xx∈∈LL

d)d) AA enumeratesenumerates LL ifif itit computescomputes

somesome totaltotal bijectionbijection ff::{{ 00,,11}} ** ==� � →→ LL..
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Comparing Decision Problems

For For L,L'L,L'⊆⊆{{ 00,,11}*}* writewrite LL≼≼L'L' ifif therethere isis a a computablecomputable

ff::{{ 00,,11}*}* →→{{ 00,,11}*}* such such thatthat ∀∀xx:  :  xx∈∈LL  ⇔ ⇔ ff((xx))∈∈LL'.'.
a) a) L'L' semisemi--//decidabledecidable ⇒⇒ so so LL. . 

HaltingHalting problemproblem H H = { = { 〈〈AA,,xx〉〉 : : AA((xx) ) terminatesterminates }}
NontrivialityNontriviality N N = { = { 〈〈AA〉〉 : : ∃∃yy AA((yy) ) terminatesterminates }}
TotalityTotality problemproblem T T = { = { 〈〈AA〉〉 : : ∀∀zzAA((zz) ) terminatesterminates}}

{0,1}* {0,1}*

L
L'

f

•• HH ≼≼ NN

•• HH ≼≼ TT

•• NN ≼≼ H H ≼≼ HH

unde-
cidable

unde-
cidable

b) b) LL≼≼L'L'≼≼L'' L'' ⇒⇒ LL≼≼L''L''

L L' • H ≼ T⇒ T ≼ H
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Examples of Undecidability

UniversesUniverses UU otherother thanthan {{ 00,,11}*}* ((e.ge.g. . NN):): encodeencode..

HaltingHalting problemproblem: : H H = { = { 〈〈AA,,xx〉〉 : : AA terminatesterminates onon xx }}

Hilbert'sHilbert's 10th:10th: TheThe followingfollowing setset isis undecidableundecidable::

{ { 〈〈pp〉〉 | | pp∈∈NN[[XX11,,……XXnn], ], nn∈∈NN, , ∃∃xx11……xxnn∈∈NN pp((xx11,,……xxnn)=0 })=0 }

Word Problem Word Problem forfor finitelyfinitely presentedpresented groupsgroups

MortalityMortality Problem Problem forfor twotwo 2121××21 21 matricesmatrices

HomeomorphyHomeomorphy of of twotwo finite finite simplicialsimplicial complexescomplexes

For For L,L'L,L'⊆⊆{{ 00,,11}*}* writewrite LL≼≼L'L' ifif therethere isis a a computablecomputable

ff::{{ 00,,11}*}* →→{{ 00,,11}*}* such such thatthat ∀∀xx:  :  xx∈∈LL  ⇔ ⇔ ff((xx))∈∈LL'.'.
a) a) L'L' semisemi--//decidabledecidable ⇒⇒ so so LL. . b) L≼L'≼L'' ⇒ L≼L''
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O ⊆
{0,1} *

Mathematical idealization and 

abstraction of his assistents

(profess. „computers“)

� unbounded tape

� one bit (0/1) in each cell

� initially: input + delimit.

� finite program

� one read/write/move

operation per step

� until stop: output.

Bit Model: Turing Machine

MO computes

f:⊆{0,1} *→{0,1} *

in #steps using #cells

Alan M. Turing [1936/37]

OO
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Bit Model: Turing Machine
M = (Q,q0,q+,q-,δ), where Q is a finite set of states,  

δ:⊆{0,1} ×Q→{L,R} ×{0,1} ×Q transition table,

q0∈Q initial, q+∈Q accepting, q-∈Q rejecting state.

A configuration of M is a triple (v,q,w), with q∈Q

and v,w∈{0,1}* . The initial configuration on input 
w is ( ,q0,w). A successor configuration to (v, q, b w)
is • (v b', p, w) for δ(b,q)=(R,b',p), • δ(b,q)=(L,b',p)

Shoenfield's Limit Lemma: A partial f:⊆�→�

is computable relative to H iff   f(n)=limj g(n,j)
for some total (oracle-free) computable g:�×�→�.


