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II. Computability over the Reals

� real numbers: binary vs. approximate

� sequences, limits, rate of convergence

� function computability and continuity

� real arithmetic, join, maxim., integral

� root finding, argmax, derivative

� uncomputable wave equation

� analytic functions, discrete enrichment

� multivaluedness/non-extensionality:

computability in linear algebra
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Computable Real Numbers

Theorem:Theorem: For For rr∈∈��, , 
tthehefollowingfollowing areareequivalentequivalent::
a) a) rr has a has a computablecomputablebinarybinaryexpansionexpansion
b) b) ThereThereisis an an algorithmalgorithmprintingprinting, on , on inputinput

mm∈∈��, , somesomeaamm∈∈�� withwith ||rr--aamm/2/2mm|| ≤≤ 22--mm..
c) c) ThereThereisis an an algorithmalgorithmprintingprinting twotwo
sequencessequences((qqnn))⊆⊆�� and (and (εεnn) ) withwith ||rr--qqnn||≤≤εεnn→→00

H := { 〈B,x〉 : algorithmB terminates on inputx }  ⊆ �

There is an algorithm
which, givenn∈�, prints

bn∈{0,1} wherer=∑n bn 2-n

b) ⇔ c) holdsuniformly,
⇔ a) does not [Turing'37]

numerators+
denominators

Ernst Ernst SpeckerSpecker(1949):  (c)  (1949):  (c)  ⇔⇔ HaltingHalting problemproblemplus (d)plus (d)
d) d) ThereThereisis an an algorithmalgorithmprintingprinting ((qqnn))⊆⊆�� withwith qqnn→→rr ..

interval
arithmetic

⇔ r∈
[qn±εn]

CallCall rr∈∈�� computablecomputableifif
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Examples: Computable Reals

rr∈∈�� computablecomputable iffiff an an algorithmalgorithm cancan printprint, , 

on on inputinput mm∈∈��, , somesome aa∈∈�� withwith ||rr --aa/2/2mm||≤≤22--mm

a) Every dyadic rational has two binary expansionsa) Every dyadic rational has two binary expansions

b)b) EveryEvery rational has a rational has a computablecomputable binarybinary expansionexpansion

c)c) IfIf aa,,bb areare computablecomputable, , thenthen also also a+ba+b, , aa··bb, , 1/1/aa ((aa≠≠0)0)

d)d) Fix Fix pp∈∈��[[XX]]. . ThenThen pp's's coefficientscoefficients areare computablecomputable

  ⇔⇔ pp((xx)) isis computablecomputable forfor all all computablecomputable xx..

e)e) EveryEvery algebraicalgebraic numbernumber isis computablecomputable; and so ; and so isis  ππ..

f)f) IfIf xx isis computablecomputable, , thenthen so so areare exp(exp(xx)), , sin(sin(xx)), , log(log(xx))

g)g) Specker'sSpecker's sequencesequence ((∑∑mm<<jj , , tt((mm)<)<j j 22
--mm))jj isis computablecomputable,,

where where {0,1,2,{0,1,2,……,,∞∞} } ∋∋ tt((〈〈AA,,xx〉〉):=):=#steps #steps AA makes on makes on xx..
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Oracle-Computable Real Numbers

H = { 〈B,x〉: algorithm B terminates on input x }  ⊆ �

Reminder:Reminder: rr∈∈�� isis computablecomputable iffiff somesome algorithmalgorithm

cancan printprint on on anyany inputinput n  n  somesome aa∈∈�� s.t.s.t. ||rr--aa/2/2nn| | ≤≤ 22--nn. . 

Call (r j)⊆� computable iff an algorithm can print, 

on input 〈n,j〉∈�,  some a∈� with |r j-a/2n| ≤ 2-n. 

Theorem: If computable sequence (r j) converges,

then the real r:=limj r j is computable relative to H.

And to every real r computable relative to H,  

there is a computable sequence (r j) with r:=limj r j .

Lemma: Suppose (am)⊆� satisfies |r-am/2m|≤2-m+1+1. 

Then a'm:=am+2/4 satisfies |r-a'm/2m|≤2-m.
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Uniformity: Sequences and Functions

In In numericsnumerics, , don'tdon't test test forfor ((inin--)equality)equality!!

Example Example of a computable sequenceof a computable sequence ((rr jj))⊆⊆[0,1][0,1]
such that such that { { jj : : rr jj≠≠00 } = } = HH,  the Halting problem.,  the Halting problem.

H = { 〈B,x〉: algorithm B terminates on input x }  ⊆ �

Proposition:Proposition: If If ((rr jj)) is a computable sequence s.t.is a computable sequence s.t.

||rr jj--rr ii ||≤≤22--ii+2+2--ii,, then then limlim jj rr jj is a computable real.is a computable real.

Call (r j)⊆� computable iff an algorithm can print, 

on input 〈n,j〉∈�,  some a∈� with |r j-a/2n| ≤ 2-n. 

Call f:⊆�→� computable iff an algorithm can

convert any (am)⊆� with |x-am/2m| ≤ 2-m

into some (bn)⊆� with |f(x)-bn/2
n| ≤ 2-n
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xx∈∈�� computablecomputable⇔⇔ ||xx--aann/2/2
nn||≤≤22--nn forfor recursiverecursive((aann))⊆⊆��

f

Uniformly Computable Real Functions

AnyAny
computablecomputable
functionfunction isis
continuouscontinuous

x
x'

oracleoracle--
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Computable Weierstrass Theorem

Theorem:Theorem: ForFor ff:[0,1]:[0,1]→→�� thethe followingfollowing areare equivalentequivalent::

a) Therea) There isis a machinea machine convertingconverting anyany qq=(=(qqmm), ), qqmm∈∈��nn

withwith ||xx--qqmm|| ≤ ≤ 22--mm,  into,  into ((ppnn))∈∈��nn withwith ||ff((xx))--ppnn|| ≤ ≤ 22--nn

b) b) ThereThere isis a machinea machine printingprinting a a sequencesequence (of (of degreesdegrees

andand coefficientcoefficient listslists of)of) ((PPnn))⊆⊆��[X[X ] ] withwith ||||ff--PPnn||||∞∞ ≤≤22--nn

c) c) TheThe real real sequencesequence ff((qq), ), qq∈∈��∩∩[0,1][0,1], , isis computablecomputable

∧∧ ff admitsadmits a a computablecomputable modulusmodulus of of (unif)(unif) continuitycontinuity

CallCall ((rr jj))⊆⊆�� computablecomputable iffiff an an algorithmalgorithm cancan printprint, , 

on on inputinput n,jn,j∈∈��,  ,  somesome qq∈∈��nn withwith ||rr jj--qq||≤≤22--nn..
�� :=:=  nn ��nn,        ,        ��nn := := {{ aa/2/2nn : : aa∈∈�� }}

||xx--yy||≤≤22--µµ((nn))  ⇒ ⇒ ||ff((xx))--ff((yy)|)|≤≤22--nn ProofProof:: b b ⇔⇔ c c ⇒⇒ a a ⇒⇒ c c 
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||xx--yy||≤≤22--µµ((nn))  ⇒ ⇒ ||ff((xx))--ff((yy)|)|≤≤22--nn

Compactness in Real Computation

Lemma: Let machine A convert any a=(am)⊆� s.t.

|x-am/2m| ≤ 2-m,  xx∈∈[0;1][0;1], to (bn) s.t. |f(x)-bn/2
n| ≤ 2-n. 

a) t
A

(n):a→#steps A makes on input a to print bn
is locally constant (=continuous) a function

b) giving rise to a modulus of modulus of locallocal continuitycontinuity to to ff::

c) Its domain { a∈��: ∃x∈[0;1] ∀m: |x-am/2m| ≤ 2-m }

modulus of local continuity to f:
∀x ∃a:    |x-x'| ≤ 2-t(n,a)-1 ⇒ |f(x)-f(x')| ≤ 2-n+1

is compact in Baire Space

d) and its set of finite initial segments is co-r.e. =

{ ā∈�m: m∈�, ∀i,j: -1≤aj≤1+2j ∧ |ai/2
i−aj/2

j| ≤ 2-i+2-j }
e) t

A
:�∋n→maxa t

A
(n,a) is well-def. and recursive

�� wrt d(a,b)=2-min{n:an≠bn}

{ a∈��: m∈�, ∀i,j: -1≤aj≤1+2j ∧ |ai/2
i−aj/2

j| ≤ 2-i+2-j }
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Compactness in Baire Space

König's Lemma: X⊆�� is compact  iff  it is closed 

and the set  X* := { ā∈�* | ∃b∈�� : āb∈X }
of finite initial segments  is finitely branching.

is not compact: 

( (0,0,…) , (1,1,…), (2,2,…) , …)

(X,d) compact iff

every sequence
has a converging 
sub-sequence.

�� wrt d(a,b)=2-min{n:an≠bn}

Complexity gauge: discrete t
A

(x), x ∈ {0,1}*
t
A

(n) := max { t
A

(x) : |x| ≤ n }
real arguments: t

A
(x), x ∈ [0;1]t

A
(a,n),        

t
A

(n) := max { t
A

(a,n) :                                            }∀m: |x-am/2m| ≤ 2-m, x ∈ [0;1]
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Examples of Computable Real Functions

To To computecomputeff::��→→��: : convertconvertanyanysequencesequenceqqnn∈∈��nn

withwith ||xx--qqnn|| ≤ ≤ 22--n    n    intointo ppmm∈∈��mm withwith ||ff((xx))--ppmm|| ≤ ≤ 22--mm
f) For computable f) For computable aa∈∈��, , ff:[0,:[0,aa]]→→��, and , and 

gg:[:[aa,1],1]→→�� with with ff((aa)=)=gg((aa)), their , their joinjoin is computableis computable

uncomputableuncomputable

a) a) ff computablecomputable ⇒⇒ so isso is anyany restriction of restriction of ff

b) b) expexp, , sinsin, , coscos, ln(1+, ln(1+xx)  )  areare computablecomputable functionsfunctions

c) c) For a For a computablecomputable sequencesequence aa=(=(aann),),
thethe powerpower seriesseries xx→→∑∑nn aann··xxnn isis computablecomputable

on  on  ((--r,rr,r ) )   forfor fixedfixed r r << RR((aa) := 1/) := 1/limsuplimsupnn ||aann||1/1/nn

d) d) LetLet ff∈∈CC[0,1][0,1] bebe computablecomputable. . ThenThen so so areare

∫∫ff: : xx→∫→∫00
xx ff((tt) ) dtdt and and max(max(ff):):xx→→max{max{ff((tt):):tt≤≤xx}.}.

e) e) IfIf ((x,mx,m))→→ffmm((xx)) computablecomputable withwith ||||ffnn--ffmm||||∞∞≤≤22--nn+2+2--mm

then  then  limlimnn ffnn is is again computableagain computable..
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Computable Urysohn

ProofProof:: LetLet ff((xx) :=) := ∑ ∑mm

rrmm rrmm++εεmmrrmm--εεmm

εεmm//22mm

LetLet ((rrmm))
mm
,,  ((εεmm))

mm
⊆⊆ QQ bebe computablecomputable sequencessequences

ThenThen therethere isis a a computablecomputable ff:[0;1]:[0;1]→→[0;1][0;1]
s.t.  s.t.  ff--11[0] = [0;1][0] = [0;1]\\mm ((rrmm--εεmm,,rrmm++εεmm))..

max(0,max(0,εεmm--||xx--rrmm|)/|)/22mm

CC∞∞

CC∞∞ ''pulse' pulse' functionfunction

φφ((tt) = ) = exp(exp(--tt²²/1/1--tt²²))
||tt|<1|<1
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Specker'59: Uncomputable argmin

approximatingapproximatinga a root  root  
vs. vs. approximateapproximaterootroot

Lemma:Lemma: ThereThere areare computablecomputable sequencessequences

((rrmm))
mm
,,  ((εεmm))

mm
⊆⊆ QQ s.t.  s.t.  UU := := mm ((rrmm--εεmm,,rrmm++εεmm))

containscontains all all computablecomputable realsreals in [0;1]in [0;1]

and has and has measuremeasure   ≤≤½½..

CorollaryCorollary:: ThereThere isis a a computablecomputable CC∞∞

ff:[0;1]:[0;1]→→[0;1][0;1] s.t. s.t. ff--11[0][0] has has measuremeasure ≥≥½½

butbut containscontains no no computablecomputable real real numbernumber..

LetLet ((rrmm))
mm
,,  ((εεmm))

mm
⊆⊆ QQ bebe computablecomputable sequencessequences

ThenThen therethere isis a a computablecomputable ff:[0;1]:[0;1]→→[0;1][0;1]
s.t.  s.t.  ff--11[0] = [0;1][0] = [0;1]\\mm ((rrmm--εεmm,,rrmm++εεmm))..

CC∞∞
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Singular Covering of Computable Reals

Proof idea Proof idea (diagonalize against (diagonalize against allall AA):):

Simulate machine Simulate machine AA

until it outputs until it outputs ((aa00,,aa11,,......aa〈〈AA〉〉+4+4))∈∈��∗∗

s.t. s.t. 00≤≤aann≤≤22nn,  ,  ||aann/2/2nn--aamm/2/2mm|| ≤ ≤ 22--nn++22--mm ∀∀n,mn,m≤≤〈〈AA〉〉+4+4
and let and let rr 〈〈AA〉〉 := := aa〈〈AA〉〉+4+4/2/2〈〈AA〉〉+4+4 and and εε〈〈AA〉〉 := := 22--〈〈AA〉〉--33..

Then Then λλ((UU) ) ≤≤ ∑∑〈〈AA〉〉 22εε〈〈AA〉〉 = = ½½ and  and  ��cc⊆⊆UU..

AA computescomputes rr∈∈RR

iffiff printsprints sequencesequence aann⊆⊆�� withwith ||aann/2/2
nn -- aamm/2/2mm| | ≤≤ 22--nn ++22--mm

Lemma:Lemma: ThereThere areare computablecomputable sequencessequences

((rrmm))
mm
,,  ((εεmm))

mm
⊆⊆ QQ s.t.  s.t.  UU := := mm ((rrmm--εεmm,,rrmm++εεmm))

containscontains all all computablecomputable realsreals in [0;1]in [0;1]

and has and has measuremeasure   ≤≤½½..

What if A does not 

produce infinite 
output?
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• gkk(x):=g( x·2ψψ((kk))-1 )/2ψψ((kk))

∫gkk = 
∫g/22ψψ((kk))

∫gn = 
∫g/22n

• gkk(x):=g((x·2ψψ((kk))-1)··22kk)/2ψψ((kk))

h':= ∑k gk

nn=1=1nn=2=2

½½

¼¼

Recall computable bijection  ψ:�→H

• g and ∫g computable

⅛⅛

½½¼¼⅛⅛ 1100

Myhill'71: Myhill'71: uncomputableuncomputable ∂∂∂∂∂∂∂∂ on on CC11[0,1][0,1]

yet h:=∫ h'  ∈C1[0;1]  computable. 

incomputable,

hat functiong

• gn(x):=g( x·2n     -1      )/2n

• ∫gk ≤ 2-k

continuous,∑n∈H gn∑n gn

e.g. H={2,3,5,7,...}

q.e.dq.e.d..

++kk
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The Case of the Wave Equation

PourPour--El&Richards'81 construct a computable El&Richards'81 construct a computable ƒ∈ƒ∈CC11((��33) ) 
such that for such that for gg:=0 the unique solution is :=0 the unique solution is 
inincomputable at computable at tt=1 and =1 and xx=(0,0,0).=(0,0,0).

∂²/∂t² u(x,t) = ∆u(x,t),  u(x,0)=ƒ(x),  ∂/∂t u(x,0)=g(x)

ChurchChurch--TuringTuring HypothesisHypothesis ((KleeneKleene):):

EverythingEverythingthatthat cancanbebecomputedcomputedbyby a a 
Turing Turing machinemachinecancanalso also bebecomputedcomputed
byby a a physicalphysicaldevicedevice –– and and viceviceversaversa!!

Myhill'71: Myhill'71: computablecomputable hh∈∈CC11[0,1] [0,1] 
withwith uncomputableuncomputable hh'(1) '(1) 
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Myhill'71: Myhill'71: computablecomputable hh∈∈CC11[0,1] [0,1] 
withwith uncomputableuncomputable hh'(1) '(1) 

PourPour--El&Richards'81 construct a computable El&Richards'81 construct a computable ƒ∈ƒ∈CC11((��33) ) 
such that for such that for gg:=0 the unique solution is :=0 the unique solution is inincomputable.computable.

∂²/∂t² u(x,t) = ∆u(x,t),  u(x,0)=ƒ(x),  ∂/∂t u(x,0)=g(x)

Kirchhoff'sKirchhoff's

formulaformula::

The Case of the Wave Equation


