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Two Effects in Real Computation

a) Multivalued 'functions’

Example (Archimedian Reals): T |
Given XOR, Je
return some integer upper bound. |

Example (Fundamental Theorem of Algebra):
Given ag,...a4,C, return roots Xy,...X4LIC of

i i d-1 d . . T
agtaX+...+a  XT+XAUC[X] incl. mf{ﬁphatl&

. [ up to permutation [Specker'67]

b) Discrete 'advice
Example matiixdiagonalization: given AR 172
return a basis of\e%envectors — discontinuous:

~ 2¢) sin(2
Thm: Computable [knowing |a(A)]. 5'(2%32(2,:)) _ig‘é(z%)
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Overview

2. Real Complexity Theory:

= numbers, sequences, limits

= real functions and continuity

= maximizing polytime functions

= integration and solving ODEs

= solving Poisson's PDE

= analytic functions, enrichment

= practical implementation/i RRAM

= parameterized Gevrey's Hierarchy
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Computable Real Numbers

R R EnR st

a)r has acomputabledinary expansion

NN, someal]Z with |r-a/2"[<2™.

c) Thereis analgorithmproducingthree K
sequence@®,),(b,),(c,)Z with |r-a /b |<1/c.—0

b)[Thereis analgorithmprinting, on inpuﬂ ‘

ErnstSpeckel(1949): (c) < Halting problemplus (d)
d) Thereis analgorithmprinting (q,)0JQ with q,—r.
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Polytime-Computable Reals

Example: The following are polytime computable

= sum, product, and reciproce
of polytime-computable reals

= every algebraic real

= every real root of a polynomial
polytime-computable coefficients

= some transcendental reals
such as e=2.718.0or m.

Definition: rL IR is polytime computable iff some
Turing machine can print within time polynomial

in N a sequence (a,)lJZ in binary s.t. |r-a/2"<2™.
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Polytime-Computable Functions _

Definition: A real sequence (rj)D[R is polytime
computable iff a Turing machine can print in time
<poly(n) a sequence (a,)Uz with [|r-a; ,,/2"<2™;

equivalently: given ] and m print, within

spolywme allz such that |r,-a/2M<2™
sequence index enters in unary |

Definition: Computing function f:[0;1] >R in time

t(n) means to print, given a 17z with [x-a /2M<2™,
(b,)Uz with [f(x)-b /2"|<2™ after at most t(n) steps.

Definition: rLIR is polytime computable iff some
Turing machine can print within time polynomial

in n a sequence (a,)0Z in binary s.t. |r-a/2"|<2™.
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Examples of Polytime Functions

= Behaviour is undefined for xLldom() or other a.
= Runtime may depend only on output precision n.

Exercise: eXpR - R is not computable in bounded
time, but on [-ZK;@ computable in time poly(n+®.

Theorem: Let (C)LJC=R2 be polytime computable,
R=1/limsup [c|*">0, and O0<r<R. Then
{Z0C: [z=r} Oz - 2 ¢-2 is polytime computable.

Def: Computing f:00RY- R¢®in time t(n) means to
print, given (a),, 029 s.t. |x-a/2M<2™ for x{ddom(),
(b),, 0z° such that [f(X)-b/2"|<2" within t(n) steps.
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Computing and Continuity

= Behaviour is undefined for xLldom() or other a.
= Runtime may depend only on output precision n.

Theorem: If f:[IR R is computable in time t(n),
then p(n):=t(n+1)+1is a modulus of continuity of f.

x,x'O0domf(), x-x'[g21" = [f(x)-f(x)|[<2".

Theorem: Suppose differentiable f:[0;1]—C is
polytime and f’ has a polynomial modulus of
continuity. Then f'is again polytime computable.

Def: Computing f:0RY- R¢® in time t(n) means to
print, given (a),, 079 s.t. |x-a /2M<2™ for x{ddom(),
(b),, 17 such that [f(X)-b/2"|<2™ within t(n) steps.
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More Polytime Functions

= Behaviour is undefined for xLJdom() or other a.
= Runtime may depend only on output precision n.

Theorem: Let f:[-1;0]—C, g:[0;1]—C be polytime
with f(0)=g(0). Then flIg:[-1;1]—C is polytime, too

Theorem: If f[0;1] R is computable,
then so within bounded time t(n) for some tN N

Theorem: Let f:[0;1]—[0;1] be polytime and
bijective s.t. f1 has a polynomial modulus of
continuity. Then f-L:0; 1]—[0;1] is polytime, too.

(b),, Uz*® such that If(X)-b /2”|<2n within t(n) steps
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P vs NP Millennium Problem =

Def: Turing Machine M decides set L[1{0,1}* if
e on inputs XL prints 1 and terminates,
e on inputs XL prints 0 and terminates.

Def: M runs in polynomial time  if CpON[N]:
M on input X[I{0,1}" makes at most p(n) steps

Def: L[{0,1}* is verifiable in polynomial time if

L ={ x({0,1}" | nON, Ty{0,1}90 : (x)[IV'}, VOP
P = { L0O{0,1}* decidable in polynomial time }

0 NP :={ L verifiable in polynomial time }
@TSTﬂCf .= { L decidable in polyn. space }
1 EXP :={ L decidable in exponential time }
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Complexity of 1D Maximization
Fix polytime f:[0;1] -[0;1] (= continuous)
Max(f): [0;1] Ox - maX f(t): t<x}
is computable in exponential time / polyn.space
in polynom. time, provided that P=/NP holds:

Let @ :LIN—N be computable in time polyn. in n
s.t. |f(@/2tM) - (a) |< 2" for all a[}{0,...,24N-1}

olyn. modulus of continuit
and employ “fp y Y

i
{ (20,0 | b< 24 c<2n 12
Ca<b: @ (@) zc} ONP

for bisection w.r.t. C.

—_IIIIIIIII IIIIIIII]I-/I%L(InI)IIIIIIII \IIIIIIIIIIIIII




'Max is NP-hard' =L

C™ it — T Q(ANE-BNNIMNNN

(MDY e
L MANY local maxima--,_-,_.. (R

P(t) = exp(t¥1-t3) Nl ﬂ

A | |
C~'pulse' function0 N=5 =1/ |\t1:—1/3‘3’ t=15 | t=1
polytime computable |\'>|';§',_3M;0,1’2 ||\\|/|::(2) M=1 n')'f%

To every LONP there exists a polytime
computable C~ function g, :[0;1] >R s.t.:
[0;1]Ck—maxg, |;.,q again polytime iff LOP
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Computational Complexity

Fix polytime f:[0;1]-[0;1] (= continuous)

e Max: f - Max(f): x - maxX f(t):t<x}
Max(f) computable in exponential time;
polyn.time-computable iff P=N7P {even when}

I If 0= I3 ) d R iaa

If computable in exponential time;
polyn.time-computable iff P=#7 EEIENile
e odesolve: CY[0;1]x[-1;1DCf - z z(1)=f(t,2), z(0)=
PSPACE-"complete” |[kawamura,Ota,Résnick,Z.
e Solution to Poisson Eq.|Logical Meth.Comp.5ci.’14]
is classical and #P-"complete" Au=f onB,(0,1)
[Kawamura, Steinberg, Z.'13; full version MSCS'16] |
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