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up to up to permutationpermutation [Specker'67][Specker'67]

ExampleExample (Fundamental(Fundamental TheoremTheorem of of Algebra):Algebra):

GivenGiven aa00,,……aadd--11∈∈��, , returnreturn rootsroots xx11,,……xxdd∈∈�� of  of  

aa00+a+a11··X+X+……+a+add--11··XX
dd--11+X+Xdd ∈∈��[[XX]] incl. multiplicitiesincl. multiplicities

Two Effects in Real Computation

a) Multivalued 'a) Multivalued 'functionsfunctions''

b) b) DiscreteDiscrete ''adviceadvice''

ExampleExample (Archimedian Reals):(Archimedian Reals):

GivenGiven xx∈∈��, , 

returnreturn somesome integer integer upperupper bound.bound.

ExampleExample matrixmatrix diagonalizationdiagonalization: : givengiven AA∈∈��dd··((dd--1)/21)/2,,

returnreturn a a basisbasis of of eigenvectorseigenvectors

ThmThm:: ComputableComputable knowingknowing ||σσ((AA)|)|..

―― discontinuousdiscontinuous::
 cos(2/ε)   sin(2/ε)  ε· sin(2/ε)  –cos(2/ε) 
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Overview

2. Real Complexity Theory:

� numbers, sequences, limits

� real functions and continuity

� maximizing polytime functions

� integration and solving ODEs

� solving Poisson's PDE

� analytic functions, enrichment

� practical implementation/iRRAM

� parameterized Gevrey's Hierarchy
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Computable Real Numbers

Theorem:Theorem: For For rr∈∈��, , 
tthehefollowingfollowing areareequivalentequivalent::

a) a) rr has a has a computablecomputablebinarybinaryexpansionexpansion

b) b) ThereThereisis an an algorithmalgorithmprintingprinting, on , on inputinput
nn∈∈��, , somesomeaa∈∈�� withwith ||rr--aa/2/2nn||≤≤22--nn. . 

c) c) ThereThereisis an an algorithmalgorithmproducingproducingthreethree
sequencessequences((aann),(),(bbnn),(),(ccnn))⊆⊆�� withwith ||rr--aann/b/bnn||≤≤1/1/ccnn→→00

Ernst Ernst SpeckerSpecker(1949):  (c)  (1949):  (c)  ⇔⇔ HaltingHalting problemproblemplus (d)plus (d)
d) d) ThereThereisis an an algorithmalgorithmprintingprinting ((qqnn))⊆⊆�� withwith qqnn→→rr ..

CallCall rr∈∈�� computablecomputableifif
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Polytime-Computable Reals

Example: The following are polytime computable

� sum, product, and reciproce
of polytime-computable reals

� every algebraic real

� every real root of a polynomial
polytime-computable coefficients

� some transcendental reals

such as e=2.718..or π.

Definition:Definition: rr∈∈�� isis polytimepolytime computablecomputable iffiff somesome

Turing Turing machinemachine cancan printprint withinwithin time time polynomialpolynomial

in in nn a a sequencesequence ((aann))⊆⊆�� in in binarybinary s.t. s.t. ||rr--aann/2/2
nn||≤≤22--nn. . 
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Polytime-Computable Functions

Definition: A real sequence (r j)⊆� is polytime

computable iff a Turing machine can print in time 

≤poly(n) a sequence (an)⊆� with |r j-a〈j,m〉/2
m|≤2-m;

equivalently: given j and m print, within

≤poly(j+m) steps, some a∈� such that |r j-a/2m|≤2-m

Definition: Computing function f:[0;1]→� in time in time 

tt((nn)) means to print, given a ⊆� with |x-am/2m|≤2-m, 

(bn)⊆� with |f(x)-bn/2
n|≤2-n after at most t(n) steps.

Definition:Definition: rr∈∈�� isis polytimepolytime computablecomputable iffiff somesome

Turing Turing machinemachine cancan printprint withinwithin time time polynomialpolynomial

in in nn a a sequencesequence ((aann))⊆⊆�� in in binarybinary s.t. s.t. ||rr--aann/2/2
nn||≤≤22--nn. . 

sequence index enters in unary
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� Behaviour is undefined for x∉dom(f) or other a .

� Runtime may depend only on output precision n. 

Def: Computing f:⊆⊆�dd→�ee in time t(n) means to 

print, given (a)m ⊆�d s.t. |x-am/2/2mm|≤2-m for x∈dom(f), 
(b)n ⊆�e such that |f(x)-bn/2/2nn|≤2-n within t(n) steps.

Exercise: exp:�→� is not computable in bounded

time, but on [-2k;k] computable in time poly(n+k).

Theorem: Let (cj)⊆�≈�² be polytime computable,

R:=1/limsupj |cj|
1/j>0,  and  0<r<R.   Then

{ z∈� : |z|≤r} ∋ z → ∑j cj·z
j is polytime computable.

Examples of Polytime Functions



CS700 M. Ziegler

Theorem: If f:⊆�→� is computable in time t(n), 
then µ(n):=t(n+1)+1 is a modulus of continuity of f.

Theorem: Suppose differentiable f:[0;1]→� is

polytime and f′ has a polynomial modulus of 

continuity. Then f′ is again polytime computable.

x,x′∈dom(f), |x-x′|≤2-µ(n)  ⇒ |f(x)-f(x′)|≤2-n.

� Behaviour is undefined for x∉dom(f) or other a .

� Runtime may depend only on output precision n. 

Def: Computing f:⊆⊆�dd→�ee in time t(n) means to 

print, given (a)m ⊆�d s.t. |x-am/2/2mm|≤2-m for x∈dom(f), 
(b)n ⊆�e such that |f(x)-bn/2/2nn|≤2-n within t(n) steps.

Computing and Continuity

CS700 M. Ziegler

Def: Computing f:⊆⊆�dd→�ee in time t(n) means to 

print, given (a)m ⊆�d s.t. |x-am/2/2mm|≤2-m for x∈dom(f), 
(b)n ⊆�e such that |f(x)-bn/2/2nn|≤2-n within t(n) steps.

More Polytime Functions

Theorem: Let f:[-1;0]→�, g:[0;1]→� be polytime

with f(0)=g(0). Then f∪g:[-1;1]→� is polytime, too.

Theorem: If f:[0;1]→� is computable, 

then so within bounded time t(n) for some t:�→�

Theorem: Let f:[0;1]→[0;1] be polytime and 

bijective s.t. f-1 has a polynomial modulus of 

continuity. Then f-1:[0;1]→[0;1] is polytime, too.

� Behaviour is undefined for x∉dom(f) or other a .

� Runtime may depend only on output precision n. 
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PPPPPPPP := { := { LL⊆⊆{{ 00,,11}* }* decidabledecidable in in polynomialpolynomial time time }}
⊆⊆ NP NP NP NP NP NP NP NP := { := { LL verifiableverifiable in in polynomialpolynomial time time }}
⊆⊆ PSPACEPSPACEPSPACEPSPACEPSPACEPSPACEPSPACEPSPACE := { := { LL decidabledecidable in in polynpolyn. . spacespace }}
⊆⊆ EXPEXPEXPEXPEXPEXPEXPEXP := {:= { LL decidabledecidable in exponential time in exponential time }}

DefDef:: LL⊆⊆{0,1}*{0,1}* isis verifiableverifiable in in polynomialpolynomial time time ifif

LL = = {{ xx∈∈{0,1}{0,1} nn | | nn∈∈��, , ∃∃yy∈∈{0,1{0,1}} qq((nn)) : :  〈 〈xx,,yy〉∈〉∈VV }} ,  ,  VV∈∈PP

DefDef:: Turing Turing MachineMachine MM decidesdecides setset LL⊆⊆{{ 00,,11}*}* ifif

•• on on inputsinputs xx∈∈LL printsprints 11 and and terminatesterminates,,

•• on on inputsinputs xx∉∉LL printsprints 00 and and terminatesterminates..

DefDef: : MM runsruns in in polynomialpolynomial timetime ifif   ∃∃pp∈∈NN[[NN]]: : 
MM on on inputinput xx∈∈{{ 00,,11}} nn makesmakes at at mostmost pp((nn)) stepssteps
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Complexity of 1D Maximization

MaxMax((ƒƒ): [0;1] ): [0;1] ∋∋ xx →→ maxmax{ { ƒƒ((tt): ): tt≤≤xx }}
• is computable in exponential time / polyn.space

• in polynom. time, provided that PPPP=NPNPNPNP holds:

1/2n

1/2µ(n)

µ polyn. modulus of continuity

f

Let Φn:⊆�→� be computable in time polyn. in n
s.t.  | f(a/2µ(n)) –Φn(a) | ≤ 2-n for all a∈{0,…,2µ(n)-1}

Fix polytime ƒ:[0;1]→[0;1] (⇒ continuous)

and employ

{ (2n,b,c) | b < 2µ(n), c < 2n

∃a≤b: Φn(a) ≥ c } ∈NP

for bisection w.r.t. c.
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To To everyevery LL∈∈NPNPNPNPNPNPNPNP therethere existsexists a a polytimepolytime

computablecomputable CC∞∞ functionfunction ggLL:[0;1]:[0;1]→→�� s.t.:s.t.:

[0;1][0;1]∋∋xx→→max max ggLL||[0;[0;xx]] againagain polytimepolytime iffiff LL∈∈PPPPPPPP

NPNPNPNPNPNPNPNP ∋∋ LL = = {{ NN∈∈�� || ∃ ∃MM<N<N: : 〈〈N,MN,M〉〉 ∈∈VV }} , , VV ∈∈ PPPPPPPP

'Max is NPNPNPNP-hard'
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tln(1/t)
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t → ∑ ϕ(2tN²-2N)/Nln N

N

V∈PPPP ⇔ fV polytimepolytimeVV⊆⊆��

fV:
∈V

gL:

φφ((tt) = ) = exp(exp(--tt²²/1/1--tt²²))
CC∞∞ ''pulse' pulse' functionfunction
polytimepolytime computablecomputable

CC∞∞

MANY local maxima
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Fix polytime ƒ:[0;1]→[0;1] (⇒ continuous)

Computational Complexity

•• Max: Max: ƒƒ →→ Max(Max(ƒƒ): ): xx →→ maxmax{ { ƒƒ((tt): ): t t ≤≤ x x }}
Max(Max(ƒƒ)) computable in exponential time;

polyn.timepolyn.time--computablecomputable ifif PPPPPPPP==NPNPNPNPNPNPNPNP

• ∫∫: : ƒƒ →→ ∫ƒ∫ƒ: (: (xx →→ ∫∫00
xx ƒƒ((tt) ) dtdt))

∫ƒ∫ƒ computable in exponential time;
polyn.timepolyn.time--computablecomputable iffiff PPPPPPPP=#=#PPPPPPPP

• odesolveodesolve: : CC11([0;1]([0;1]××[[ --1;1])1;1])∋ƒ→∋ƒ→ zz:  :  ŜŜ((tt)=)=ƒƒ((tt,,zz),  ),  zz(0)=0(0)=0.
PSPACEPSPACEPSPACEPSPACEPSPACEPSPACEPSPACEPSPACE--"complete"complete""

• Solution to Solution to PoissonPoisson Eq.Eq.

isis classicalclassical and #and #PPPPPPPP--"complete"complete""

eveneven whenwhen
restrictingrestricting
to to ƒ∈ƒ∈ƒ∈ƒ∈ƒ∈ƒ∈ƒ∈ƒ∈CCCCCCCC∞∞
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polytimepolytime ifif
ff isis analyticanalytic

∆u = f on B2(0,1)
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